
Coverage Optimization in DSL Networks by
Low-Complexity Discrete Spectrum Balancing

Martin Wolkerstorfer∗,∗ FTW Telecommunications Research Center Vienna,
Donau-City-Straße 1, A-1220 Vienna, Austria

Emails:{wolkerstorfer, nordstrom}@ftw.at

Tomas Nordström∗†
† Centre for Research on Embedded Systems (CERES),

Halmstad University, Box 823, SE-30118 Halmstad, Sweden
Email: Tomas.Nordstrom@hh.se

Abstract—Spectrum balancing is an established optimization
approach in multi-carrier digital subscriber line (DSL) systems.
It has previously been applied to very different performance
objectives such as sum-rate, min-rate, or fairness maximization
and sum-power minimization. In this work we study the max-
imization of the service coverage, which will be defined as the
number of DSL lines which can be granted an operator-specified
high-bandwidth service. The proposed algorithm is based on
a previously described mathematical decomposition framework.
We extend this framework for our new problem and enhance
its scalability by various low-complexity heuristics. Simulations
demonstrate the applicability of our algorithm for DSL networks
of realistic sizes. More precisely, our results obtained in thousand
25 user near-far DSL scenarios show an average gain in service
coverage of more than 13 % compared to state-of-the-art sum-
rate maximizing spectrum balancing algorithms.

I. INTRODUCTION

Dynamic spectrum management (DSM) [1] comprises vari-
ous techniques for interference mitigation in discrete multi-
tone (DMT) based digital subscriber line (DSL) networks.
Focussing on spectrum balancing (DSM level 2) we deal with
a discrete and non-convex multi-carrier and multi-user power
allocation problem. We introduce the maximization of service
coverage as a novel objective for DSM and propose a scalable
algorithm for its solution. Service coverage will be defined as
the number of DSL lines which can be granted an operator-
specified high bit-rate service. The network operators think in
terms of the number of customers they can offer a particular
service, which is better reflected by this objective than by
previous DSM formulations. Current objectives for DSM in the
literature range from sum-rate [2], [3] and min-rate (or reach)
maximization [3], to sum-power minimization [4] and general
utility (e.g., fairness [5] or hardware power consumption [6])
optimization. Spectrum balancing algorithms applicable for
a large number of users are currently based on complexity
reduction techniques such as constructive greedy heuristics
[7], [8], continuous and/or (sequential) convex relaxation [2],
[6], [9], Lagrange relaxation (LR) [9], [10], and sequential
power updates over users [2], [9]. The unique features of the
LR-based DSM framework in [10] are its robustness with
respect to the initialization and the single-carrier solutions’
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suboptimality, as well as the separate storage of the single-
carrier solutions. In the development of a practical algorithm
for coverage maximization (CM) we extend the framework in
[10] in two ways: by various single-carrier heuristics which
allow the scheme to scale with the number of users, and by
a successive variable fixing heuristic which exploits features
that are specific to the framework.

We introduce the CM problem in Section II and give back-
ground information on the DSM framework in [10]. Our CM
heuristic is described in Section III, together with numerous
simulation results investigating its suboptimality. We approach
the involved combinatorial single-carrier problems in Section
IV by first analyzing case studies of the two greedy heuristics
in [10], followed by the proposal of two novel randomized
local search heuristics and performance evaluations in numer-
ous 30-user very-high-speed DSL (VDSL) scenarios. A warm-
start local search heuristic for complexity reduction of the
single-carrier problems is given in Section IV-E, where we
also show results indicating that investing complexity on a
few subcarriers by using randomized local search is sufficient.
Results on the performance of our complete CM algorithm
including the single-carrier heuristics compared to sum-rate
maximization schemes in near-far DSL scenarios are given in
Section V. Our conclusions are summarized in Section VI.

II. SYSTEM AND OPTIMIZATION MODEL

We assume a far-end crosstalk limited DSL system based
on discrete multi-tone (DMT) modulation with the index sets
of users and subcarriers denoted by U = {1, . . . , U} and C =
{1, . . . , C}, respectively. We model the users’ rates per DMT-
symbol rc(pc) ∈ RU on subcarrier c ∈ C by the commonly
used gap approximation [11], where pc ∈ RU , and pc

u denotes
the power spectral density (PSD). The power allocation vector
pc(rc) for rates rc is then given as the solution of a linear
matrix equation, see [12] for details. To model constraints on
the modulation’s constellation size and regulatory PSD mask
limitations we use the set of feasible per-subcarrier PSDs

Qc = {pc|rc
u (pc) ∈ B, pc

u ∈ [0, p̂c
u], u ∈ U}, c ∈ C, (1)

where p̂c
u, c ∈ C, u ∈ U , indicates the PSD mask, and

B = {0,Δ, 2Δ, . . . , B̂} is the set of discrete per-subcarrier
bit allocations with rate-steps of size Δ and a bit cap B̂.
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A. A Problem Formulation for Coverage Maximization (CM)

Our optimization problem is to guarantee a basic target-
rate for all users while obeying all system constraints and
maximizing the number of users which can be upgraded to
a high-bandwidth service. Denoting the decision variables for
service upgrades by δu ∈ {0, 1}, u ∈ U , we formulate this
coverage maximization (CM) problem for DSL as

maximize
δu ∈ {0, 1}, u ∈ U,

pc ∈ Qc, c ∈ C

∑
u∈U

δu (2a)

s.t.
∑
c∈C

rc
u (pc) ≥ Ru + δu(R̂ − Ru), ∀u ∈ U , (2b)

∑
c∈C

pc
u ≤ Pu, ∀u ∈ U , (2c)

where R̂ ∈ R+ is the target-rate for the service upgrade, and
where R ∈ RU

+ and P ∈ RU
+ are the users’ minimum target-

rates and maximum sum-powers, respectively. As the variables
δu, u ∈ U , are binary the objective in (2a) reflects the number
of high-bandwidth users, i.e., the service coverage. We proceed
by studying the Lagrange relaxation of the problem in (2) for
continuously relaxed binary variables, i.e., δu ∈ [0, 1], u ∈ U ,
and will return to a feasible binary solution in Section III.

B. Background Information on Lagrange Relaxation (LR)

LR [13] has emerged as a scalable tool for the design of
DSM algorithms [12], [14]. It results in a decomposition of the
problem in (2) into separable and non-convex combinatorial
subproblems on subcarriers c ∈ C given by [10], [12]

minimize
{rc|pc(rc)∈Qc}

fc(rc) = νᵀpc(rc) − λᵀrc, (3)

where λ,ν ∈ RU
+ are the Lagrange multipliers for the re-

laxed constraints (2b) and (2c), respectively. Nondifferentiable
optimization methods [13] are typically used to adjust the
multipliers and enforce the relaxed constraints. The proposed
heuristics in Section IV target the subproblems in (3) and
are independent of the specific mechanism generating the
multipliers. Differently, the CM heuristic in Section III builds
upon a column generation [15] based approach for optimizing
λ and ν. This iterative approach keeps at iteration t a memory
of the feasible per-subcarrier solutions pc,i ∈ Qc, i ∈ Ic,(t),
it has obtained so far, indexed by the set Ic,(t), c ∈ C. In
each iteration it then computes a convex combination of the
corresponding per-subcarrier powers and rates by adjusting
weights ξc,i in a linear problem (LP) of the form, cf. (2),

maximize
δu ∈ [0, 1], u ∈ U,

ξc,i ≥ 0, i ∈ Ic,(t), c ∈ C

∑
u∈U

δu (4a)

s.t.
∑

i∈Ic,(t)

ξc,i = 1, ∀c ∈ C, (4b)

∑
c∈C

∑
i∈Ic,(t)

rc
u(pc,i)ξc,i ≥ Ru + δu(R̂ − Ru), ∀u ∈ U , (4c)

∑
c∈C

∑
i∈Ic,(t)

pc,i
u ξc,i ≤ Pu, ∀u ∈ U . (4d)

         Continuous Relaxation of                 

Column Generation

      Sequential Variable Fixing of
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CHET [10] and target-rates

δu, u ∈ U

δu, u ∈ U
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Ru + δu(R̂ − Ru), u ∈ U

memory
Master LP in (4)

Subproblems in 
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by  Heuristics)

∀c ∈ C,

Fig. 1. Illustration of the proposed coverage maximization heuristic.

In column generation the Lagrange multipliers λ and ν are
then computed as the optimal dual variables associated with
the constraints in (4c) and (4d), respectively. The CM heuristic
presented next exploits two features of column generation:
the information in the relaxed variables δu, u ∈ U , and the
memory of the produced allocations pc,i, i ∈ Ic,(t), c ∈ C.

III. A HEURISTIC FOR COVERAGE MAXIMIZATION

In the above sections we considered the column generation
based relaxation in (4) of the original problem in (2) with
continuously relaxed variables δu ∈ [0, 1], u ∈ U . Our next
step is a heuristic for sequentially fixing these variables to
either zero or one: We simply try setting the lower-bound
of the largest fractional variable δu, u = argmaxi∈U{δi}, to
one and re-solve the master LP in (4) from the final iteration
t = t̂. If the LP is feasible we keep the lower-bound of δu

at one or reset it to zero otherwise, cf. [10] for a simple
feasibility detection mechanism. This process is repeated until
all variables δu, u ∈ U , are fixed at integer values. Next we
solve yet another, similar LP with the constraints as above but
with lower-bounds of binary variables now set to the found
integer values and the objective being the minimization of the
total transmit power. This is to avoid unnecessarily wasting
power while maintaining the found level of service coverage.
Finally we apply the column combination heuristic for time-
sharing (CHET) in [10] to recover from the column generation
based relaxation and to find a feasible solution for our original
problem in (2), cf. the schematic overview in Figure 1.
Summarizing, the key ideas of our CM heuristic are a) to
exploit the information in the optimized continuous variables
δu, u ∈ U , in order to prioritize users in the sequential fixing
process, and b) to use the memory in column generation based
schemes for checking feasibility of specific 0-1 fixings. As a
result we obtain a low-complexity method for the sequential
fixing of continuous variables δu, u ∈ U , where we only solve
in total U + 1 LP’s as in (4).

We will now study the suboptimality of our CM heuristic by
comparison to an exhaustive search over all 0-1 combinations
of binary variables δu, u ∈ U . We randomly generate 1000 4-
user DSL scenarios as described in Section V, with 3 and 1
lines deployed from central office and cabinet, respectively,
with simulation parameters as detailed in Section IV-D, and
using the mentioned column generation framework with opti-
mal solutions [12] of the per-subcarrier problems in (3). We
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Fig. 2. Cumulative distribution function of the performance ratio η in (5).

define an algorithm’s performance ratio η between the optimal
objective P ∗ in (2) and the algorithm’s coverage P ALG through
a feasible solution in (2) as

η =
P ∗

P ALG
. (5)

Figure 2 shows cumulative distributions of the ratio η for
our CM heuristic, the primal solution obtained after the
exhaustive search through CHET [10], and the result of a
sum-rate maximization. Regarding the dashed curve we see
that after the exhaustive search a feasible primal solution
was obtained in all cases (using CHET), assuring that we
compare to the primal optimum P ∗. We find that sum-rate
maximization and the CM heuristic are optimal in less than
47% and more than 68%, respectively, with 99% confidence
according to a t-test. Further results and an intuition behind the
good performance of the applied continuous relaxation will be
developed in Section V. We recognize that other relaxations
such as a semidefinite programming relaxation [16] could be
used instead and we plan related studies in future work.

In the following sections we study the solution of the
subproblem in (3) and therefore omit subcarrier indices c
for ease of notation. We search over the set of discrete rate
allocations ×u∈UB, considering the constraints in (3) only
implicitly through f(r) = ∞,∀r /∈ {r̃|p(r̃) ∈ Q}. We will
use the number of solved linear matrix equations [12] needed
for the evaluation of the objective f(r) as a reproducible
complexity metric, cf. Section IV-D.

IV. SELECTED SINGLE-CARRIER HEURISTICS

The number of subproblems C as in (3) which has to be
solved is in the order of thousands in the latest DSL tech-
nologies [17]. Moreover, these C problems have to be solved
in every iteration t of the column generation scheme. Finding
the optimum of the problem in (3), although of polynomial
complexity [10], was in general found to be intractable for
practical values of U [10], motivating the application of two
fast heuristics discussed in the next section. Both heuristics are
extended by local search (LS) techniques, cf. [18] for details.

A. Constructive Base-Heuristics

Before proposing our novel heuristics for the subproblem
in (3) we review two greedy schemes we proposed in [10]
and analyze their performance. The constructive, joint greedy
optimization scheme (JOGO) iteratively updates the rates r,
starting from r = 0 and computing in each iteration the

TABLE I
WORST-CASE SCENARIOS FOR THE GREEDY HEURISTIC JOGO IN [10].

# Users with Line-Lengths of ... Suboptimality [%] of sum-
objective over subcarriers200 m 400 m 600 m 800 m

1 1 0 4 13.1
2 0 0 4 10.0
0 1 1 4 9.3
1 0 5 0 9.0
0 2 0 4 8.9

additional cost f(r̃) − f(r) of loading another Δ bits, i.e.,
r̃u = ru +Δ, r̃i = ri,∀i ∈ U \{u}, for any user u ∈ U . Next,
ru is increased by Δ bits for the user u which minimizes
this additional cost. In case of a draw we take the allocation
with minimum sum-power. These steps are repeated until no
update with negative additional cost can be found, cf. [10] for a
complete description. In [10] a second, less complex sequential
greedy optimization (SEGO) algorithm was proposed where
users greedily set their own rates ru one after the other,
each minimizing the global objective f(r). For the analysis of
these two base heuristics we study a set of 84 6-user VDSL
scenarios with possible line-lengths of {200, 400, 600, 800}m,
respectively, and a subset C̃ ⊂ C of all subcarriers, cf. Section
IV-D for details on the simulation parameters. The maximum
and average suboptimality of JOGO over subcarriers C̃ and
scenarios is 39.3% and 3.7%, respectively. While the subopti-
mality values of JOGO were found to be zero for all collocated
scenarios, the highest values appear in classical near-far type
of scenarios, cf. Table I. As one example we pick the first
scenario in Table I and a specific subcarrier at approximately
9.26 MHz. The greedy base heuristic JOGO assigns the bits
r = [9, 4, 0, 0, 0, 0], i.e., only the shortest lines are transmit-
ting. Compared to an optimal allocation r∗ = [6, 4, 3, 2, 2, 2]
JOGO has a suboptimality of more than 31%. Note that in
this example SEGO gives the result r = [16, 0, 0, 0, 0, 0] when
the user sequence starts with the shortest line, corresponding
to a suboptimality of more than 15%. Also, having the two
greedy algorithms followed by the local search in [18] does
not improve the solutions beyond 15% of suboptimality. We
noted that any user sequence in SEGO which starts with one
of the longer lines would have lead to an optimal result after
a following local search initialized at the solution of SEGO.
This motivates the extension of SEGO in Section IV-C where
the user-sequence is optimized together with the bit-allocation.
In Section IV-B we present a modification of JOGO which
uses randomized greedy decisions and local search. These two
heuristics presented next were seen to outperform those in this
section as well as various other meta-heuristics [18].

B. A Greedy Randomized Adaptive Search Procedure (Grasp)

As the name indicates, Grasp [19] is a randomized ex-
tensions of greedy search schemes, cf. Algorithm 1. More
precisely, Lines 3–11 mimic the joint greedy bit-loading of
JOGO in [10] with the important difference that in Line 10
a randomized, potentially non-greedy decision is taken. The
parameter β allows for a trade-off between standard greedy
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Algorithm 1 Grasp based Bit-Loading

1: Initialize r = 0, r∗, δ∗ = 0, f prev = f(r), β ∈ RM ,
βi ∈ [0, 1], gi = f̆ ,∀i ∈ M = {1, . . . , M}, k = 1, K

2: for k = 1, . . . , K do
3: while δmin ≤ 0 do
4: Set β = βi∗ , g̃i = maxi∈M{gi}−gi,∀i ∈ M, where

i∗ ∈ M is sampled from the distribution

Pi =
g̃i∑

j∈M g̃j
, ∀i ∈ M, (6)

5: for u = 1, . . . , U do
6: if ∃p ∈ Q|ru(p) = ru+Δ, ri(p) = ri, i ∈ U\{u},
7: then δu = f(p, ŵ + ν, w̆ + λ) − f prev

8: else δu = ∞
9: δmin = minu∈U{δu}, δmax = maxu∈U{δu}

10: Uniformly sample a user u∗ from the set {u ∈ U |
δu ≤ (1 − β)δmin + βδmax}

11: if δmin ≤ 0 then ru∗ = ru∗ +Δ, f prev = f prev + δu∗

12: Search a local optimum r̃ starting at r as in [18]
13: Update incumbent r∗ = r̃ if f(r̃) < f(r∗)
14: Update the average gi∗ with the newest value f prev

schemes (β = 0) and purely random schemes (β = 1).
However, just as in JOGO the greedy bit-loading process
is considered complete when even a purely greedy decision
would increase the solution objective, i.e., δmin > 0, cf. Line
3. The free parameters in the presented basic implementation
of Grasp are the local search strategy and neighborhood
definition, cf. Line 12, the number of restarts K (where an
alternative stopping criterion will be used in our simulations),
and the randomization parameters βi, i ∈ {1, . . . , M}, where
in each iteration of Grasp a single parameter β is chosen
depending on the average objective value experienced under all
parameters β, cf. Lines 4 and 14 of Algorithm 1, respectively.

C. Randomized SEGO (rSEGO)

Next we present an improvement over SEGO [10] in the
sense that the sequence with which the users are loaded is
adaptive, cf. Algorithm 2. It combines elements of SEGO,
Grasp, as well as ant colony system heuristics [18], [20]. More
precisely, in Lines 9–13 of Algorithm 2 the currently active
user u decides which user should allocate his bits next, where
each possible decision i ∈ Ũ is assigned a sequence decision
value τ̃u(i). The decision on the bit-rate ru is made greedily
in Line 7 similarly as in SEGO, where similarly as in Grasp
the decision is randomized based on the objective values of all
possible rate decisions. Finally, after K̄ solutions have been
constructed in this way, defining f̂ =

∑
u∈U νup̂u and using

any ρ ∈ [0, 1], a global update of the decision values τ̃u(j) is
done in Line 15 as

τ̃u(j) = (1 − ρ) · τ̃u(j) + ρ ·
(
f̂ − f(r(k∗))

)
. (7)

D. Simulation Results for the Single-Carrier Heuristics

The parameters for our xDSL simulator available in [21]
were selected according to the ETSI VDSL standard [17], with

Algorithm 2 rSEGO

1: Initialize r∗, K, K̄, values τ̃u(i),∀u, i ∈ U , q0, β, ρ
2: for k = 1, . . . ,K do {/∗iterations∗/}
3: for k̄ = 1, . . . , K̄ do {/∗ant runs∗/}
4: Set r(k̄) = 0, Ũ = U , Uniformly sample s

(k̄)
1 ∈ U

5: for i = 1, . . . , U do {/∗sequential decisions∗/}
6: Set u = s

(k̄)
i , fmin = min

{r
(k̄)
u ∈B|p(r(k̄))∈Q}

{f(r(k̄))},

fmax = max{r
(k̄)
u ∈B|p(r(k̄))∈Q}{f(r(k̄))}

7: Uniformly sample r
(k̄)
u from the set {r(k̄)

u ∈ B |
p(r(k̄)) ∈ Q, f(r(k̄)) ≤ (1 − β)fmin + βfmax}

8: if i < U then
9: Exclude u from Ũ , Uniformly sample q ∈ [0, 1]

10: if q < q0 then {s(k̄)
i+1 = argmaxj∈Ũ{τ̃u(j)}}

11: else
12: Sample s

(k̄)
i+1 = j ∈ U from Pu(j | Ũ) =

0, j ∈ U \ Ũ , Pu(j | Ũ) = τ̃u(j)∑
l∈Ũ τ̃u(l)

, j ∈ Ũ ,

13: Update τ̃u(s(k̄)
i+1) = (1 − ρ) · τ̃u(s(k̄)

i+1)
14: Update r(k̄) by local search [18] starting at r(k̄)

15: k̄∗ = argmin
k̄=1,...,K̄

{f(r(k̄))}, Update τ̃
s
(k̄∗)
i

(s(k̄∗)
i+1 ) as in (7),

∀i ∈ {1, . . . , U−1}, Set r∗ = r(k̄∗) if f(r(k̄∗)) < f(r∗)

Γ = 12.8 dB, B̂ = 16, Δ = 1, upstream band plan 997-M1x-
M, and noise Nu

c comprising ETSI VDSL noise A added to a
flat background noise at −140 dBm/Hz. We make the practical
assumption that there is a restriction in simulation time for
solving the subproblems in (3). Furthermore, in order to make
our results reproducible for future research we will use the
number of power evaluations p(r) by solving a linear matrix
equation [12] as the stopping criterion for Grasp and rSEGO.
This is further motivated by the almost identical simulation
times of these heuristics as a function of the number of power
evaluations. We will initialize the incumbent solution (but not
the initial starting-point r = 0) of all methods by the result of
the base heuristic JOGO. As this heuristic is guaranteed to give
a solution with negative objective value, we have that also all
other heuristics will produce a solution r∗ with negative objec-
tive value f(r∗). For comparing our single-carrier heuristics
we choose a subset of subcarriers C̃ = 1, 51, . . . , 1601, fixed
Lagrange multipliers νu = 1/U, λu = 1, u ∈ U , and construct
our network scenarios using a set of specified line lengths
{200, 400, 600, 800}m, considering all U -combinations with
repetitions [18]. The choice of parameters1 is based on Monte-
Carlo simulation in six-user networks where optimal solutions
are known [10], cf. [18] for details. Comparing the two
greedy randomized schemes rSEGO and Grasp, both, their
performance metrics as well as the scenarios where their
performance was suboptimal were found to be similar. Grasp is
based on JOGO and we found that it takes a parameter β = 1

1For all randomized heuristics we chose a first-improving local search with
two-step neighborhood as proposed in [18]. Parameters for rSEGO were β =
0.75, K̄ = 5, ρ = 0.99, and q0 = 0.2, while for Grasp we use β = [0.75, 1].
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TABLE II
IMPROVEMENTS BY RANDOMIZED HEURISTICS COMPARED TO JOGO.

Alg.

Mean obj.
improv.
[%] (per
subcarr.)

[Min.,Max.]
improv.

[%] of sum-
obj. over
subcarr.

Mean
op.-count
[×103]

per
subcarr.3

JOGO 0 [0, 0] 1.79±0.06
JOGO+LS 8.03±0.78 [0.91,32.13] 3.92±0.07

rSEGO(10∗)
rSEGO(20∗)

8.90±0.00 [0, 29.024] 10∗
9.76±0.00 [1.36, 21.89] 20∗

Grasp(10∗)
Grasp(20∗)

9.05±0.00 [0, 29.02] 10∗
9.86±0.00 [1.48, 21.89] 20∗

to remedy the shortcomings of JOGO in the example made
in Section IV-A.2 We chose to have two parameters β ∈ R2

among which we select, cf. Line 4 in Algorithm 1.
Due to the large number of 30-user scenarios for the four

selected line-lengths we uniformly sample 200 and 100 scenar-
ios (not cable lengths!) for the deterministic and randomized
algorithms, respectively, make 50 repetitions for randomized
algorithms, and present mean values with 95% confidence
intervals according to a t-test. In order to reduce the variance
of our results we ran all heuristics on identical, sampled
scenarios. Furthermore, as we lack an optimal solution we
use the greedy algorithm JOGO as our reference and show
the improvements in objective value. Table II reports our
average simulation results, where the values marked by a
star reflect the applied stopping criterion (complexity budget)
and exclude the incumbent initialization using JOGO. We
find that using a combination of JOGO and local search
(with a negligible difference whether we initialized LS at
the solution of JOGO or at r = 0, using JOGO solely to
provide an incumbent solution) already gives improvements
compared to the objective under JOGO of around 8%, while
the average improvements of our randomized algorithms are
notably almost 10% under the limit of 2·103 matrix inversions.

E. Warm-Start Local Search (WS-LS)

Despite the presented low-complexity heuristics, solving the
single-carrier problem in (3) on all subcarriers c ∈ C leads
to a large total complexity. We therefore propose a novel
scheme where only a subset of all subcarriers C̃ ⊆ C is solved
using one of the single-carrier heuristics. The approach WS-
LS takes to obtain a reasonable starting point r̄ for local
search on all other subcarriers c ∈ C \ C̃ is to use the
heuristic solutions rĉ and rc̆ on the “neighboring” subcarriers
ĉ, c̆ ∈ C̃. The conservative strategy we suggest to use is
r̄u = min{rĉ

u, rc̆
u},∀u ∈ U . Note that WS-LS is different

to the idea of subcarrier grouping in wireless networks or
the complexity reduction technique in [6] as we do not
approximate or interpolate solutions on different subcarriers.
The following results are based on a maximum of 103 power

2Lines are not identical in their transmission parameters in practice. Still,
the example suggests β to be set to a large value in near-far scenarios.

3The numbers marked by ∗ reflect the set complexity budget.
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Fig. 3. Trade-off for heuristic WS-LS between average objective improve-
ment compared to JOGO (a) and sum-complexity over all C subcarriers (b).

evaluations per subcarrier, a selection of subcarriers C̃ in
regular intervals, and other settings as specified in Section
IV-D. As a base-line we added a randomized local search
(rLS) scheme where the LS algorithm is reinitialized at random
starting points uniformly drawn from the set of allocations
feasible w.r.t. single-user bit cap and power mask constraints.
Figure 3 depicts the average improvements in sum-objective by
WS-LS and its complexity in all 6-user scenarios as described
in Section IV-D compared to using JOGO on all subcarriers.
Figure 3(a) shows that the performance gain by increasing
|C̃| actually flattens out, with this effect happening for lower
values of |C̃| using Grasp or rSEGO compared to rLS. The
initial drop in complexity in Figure 3(b) is explained by the
dependence of the local search complexity on its starting point.
As an example, we find that using WS-LS with |C̃| = 21
we can achieve a complexity reduction of more than 90%
compared to using rSEGO with given complexity limitation.

V. PERFORMANCE EVALUATION IN LARGE NETWORKS

We apply the coverage maximization (CM) algorithm in
Figure 1 to the problem in (2), as well as the sum-rate
maximization (RM) scheme in [10], both using the heuristics
rSEGO with a complexity limit of 3 · 104 power evaluations
per subcarrier, WS-LS with 40 regular subcarrier intervals
shifted in every iteration t by a uniformly drawn random
number of subcarriers between zero and one interval length,
and other simulation parameters as specified in Section IV-D.
We generated 1000 downstream VDSL [17] 25 user network
topologies by uniformly sampling the lengths LCO−Cab ∈
[100, 1400] and LCab−u ∈ [50, 500],∀u ∈ U , cf. Figure 4, and
assigning 10 users to the cabinet and 15 users to the central
office. We compare our CM and RM schemes to optimal
single-user bit-loading [22] under worst-case crosstalk noise∑

i∈U\uHc
uip̂

c
i , c ∈ C, (MaskBL) and the sum-rate maximizing
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algorithms in [7] (MDBL) and a scheme closely related to
[14] (ISB).4 Under RM and CM we assume minimum target-
rates Ru = 6 Mbps, ∀u ∈ U . The upgrade target-rate is set
to R̂ = 16 Mbps. Our average simulation results are shown in
Figure 5 where we observe a large gap in terms of the number
of upgraded users between the four tested DSM algorithms
and MaskBL. For example, CM improves upon MaskBL in
this respect by on average more than 82.9% (8.95 ± 0.41).
Comparing CM to the best-performing rate-maximizing DSM
algorithm RM we find that our CM scheme yields a 13.9%
(2.42 ± 0.32 users) increase in service coverage. Intuitively,
the improvements by our CM heuristic under the applied
continuous relaxation of binary variables in Section II-A upon
the sum-rate maximizing algorithms can be explained by the
reduction in rates of the lines which would over-achieve the
upgrade target-rate under sum-rate maximization. This results
in lower crosstalk into the longer, e.g., central office deployed
lines, and consequently in a higher service coverage.

VI. CONCLUSIONS

We propose a spectrum balancing algorithm for a novel cov-
erage maximization problem in multi-carrier digital subscriber
line (DSL) networks. It is enabled by scalable heuristics for
the combinatorial single-carrier power allocation subproblems
which show a favorable trade-off between their complexity and
suboptimality. Evaluated in a large number of randomly varied
DSL scenarios our spectrum balancing algorithm increased
the average service coverage by more than 13% compared
to state-of-the-art sum-rate maximization algorithms. This is
a significant increase in service coverage that should be
attractive for DSL network operators.
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